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Electromagnetic scattering in accelerating reference frames inspires a variety of phenomena, requiring
employment of general relativity for their description. While the ‘quasi-stationary field’ analysis could be
applied to slowly-accelerating bodies as a first-order approximation, the scattering problem remains
fundamentally nonlinear in boundary conditions, giving rise to multiple frequency generation (micro-
Doppler shifts). Here a frequency comb, generated by an axially rotating subwavelength (cm-range) wires
is analyzed theoretically and observed experimentally by illuminating the system with a 2 GHz carrier
wave. Highly accurate ‘lock in’ detection scheme enables factorization of the carrier and observation of
multiple peaks in a comb. The Hallen integral equation is employed for deriving the currents induced on
the scatterer and a set of coordinate transformations, connecting laboratory and rotating frames, is ap-
plied in order to make analytical predictions of the spectral positions and amplitudes of the frequency
comb peaks. Numeric simulations of the theoretic framework reveal the dependence of the micro-
Doppler peaks on the wire's length and its axis of rotation. Unique spectral signature of micro-Doppler
shifts could enable resolving internal structures of scatterers and mapping their accelerations in space,
which is valuable for a variety of applications spanning from targets identification to stellar radiometry.

& 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Laws of physics in accelerated frames of reference could be
substantially different from those obtained in inertial ones. Cor-
iolis force and Sagnac interference are, probably, the most known
effects in mechanical and electromagnetic systems correspond-
ingly. Electromagnetic scattering from moving bodies requires
special formulation, traced back to investigation of rotating ma-
chinery and radar targets identification. Special attention has been
paid to studies of non-relativistic rotating objects, owing both to
the relative mathematical simplicity of their analysis and to the
vast span of potential applications. Among various examples it is
worth noting radio frequency (RF) detection of helicopter pro-
pellers [1–3], back action of spinning blades on wireless commu-
nication channels [4], rotational frequency shifts on beams carry-
ing orbital angular momentum [5–7], and even rotational motion
measurement of celestial bodies in astrophysics [8]. Moreover,
acoustical noise could originate from revolving motors [9], rotating
and vibrating wires were proposed as an analogue to the mole-
cular Raman scattering in optics [10], while, in general, signatures
of rotation emerge in many others multidisciplinary fields. In a
ineering, Tel Aviv University,
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broader scenes, time-varying scatterers could find use in radio
frequency identification (RFID) technologies [11,12].

Rigorous analysis of electromagnetic scattering from moving
and, in particular, accelerating bodies requires employment of
apparatus developed for the general theory of relativity [13]. Along
with the transformation of all physical observables to the moving
frame, accelerated motion causes substantial change in the general
form of the governing differential equations and their associated
boundary conditions. A relativistic treatment of electromagnetic
fields in the presence of rotating bodies (infinite two dimensional
cylinders) was performed by Bladel [13] and few others. In-
tuitively, each point on a rotating scatterer has a different in-
stantaneous velocity, resulting in a collection of Doppler shifts. As
electromagnetic fields at nearby points on a body are tightly
connected by the nonlocal nature of Maxwell's equations, the
scattering problem is far from being trivial. Furthermore, time-
varying boundary conditions make the electromagnetic problem
nonlinear, giving rise to generation of new frequencies alongside
the initial carrier wave spectrum. While solution of the general
scattering problem is quite involved, a set of simplifications could
be made by assuming nonrelativistic motions and slow accelera-
tions. First order approximations are widely used in theoretical
analysis of radar targets identification, e.g. assuming that objects
are at a complete rest during the interaction with an incident pulse
[14]. Collecting static scattered signals, obtained from a few spatial
positions of a target, enables relating theoretical data to
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experimental - radar measurements usually provide phase rela-
tions between adjacent pulses impinging on a target, or Doppler
shifts in the reflected wave spectrum. Accelerating bodies, in
contrast, produce a much richer spectral signature, called micro-
Doppler shifts [15], that cannot always be recovered by applying
the static approximation. The so-called ‘instantaneous rest frame’
technique assumes slow nonrelativistic motion as well, but relaxes
few of the beforehand mentioned constraints and enables ex-
tracting more information regarding the accelerated motion. Ne-
glecting second order relativistic contributions enables factoring
out time dilation and length contraction effects and employing
standard field continuity boundary conditions at each point of a
scatterer, as if it moves with a linear (instantaneous) velocity. The
benefit of rotating systems is in the existence of a relatively simple
frame, where the entire scatterer is at rest. In this case the route to
undertake is to transform sources to the rest frame of the rotating
body, solve the scattering problem, and translate the results back
to the laboratory frame. This approach is undertaken here and
compared to the experimental data. It is worth underlining that
the reported effects have no relativistic contributions.

While much work was put into the description of various time
varying scatterers (see for example [16–19]), the dipole approx-
imation for scattering from objects that are smaller than the in-
cident wavelength is both simple and useful. Here the effect of
electromagnetic scattering from a rotating thin wire is studied
both experimentally and analytically, including retardation effects
that arise due to the small, yet finite, dimensions of the scatterers.
To the best of our knowledge a theoretical treatment of scattering
from a clutter of random rotating dipoles was partially addressed
in [20]. In particular, a dipole, illuminated by a field of frequency ω
was considered, predicting the scattered field to have additional
components of ω θ± ̇2 , with θ ̇ being the angular frequency of ro-
tation. In a later work a similar result was reached theoretically as
well [21]. While the major Doppler shift indeed occurs at θ± ̇2
frequencies, rotating bodies with nontrivial internal structure
generate an entire frequency comb of micro-Doppler shifts. De-
tailed analysis, presented here, shows the emergence of the fre-
quency comb in the scattered field, having components of ω θ± ̇m ,
where m is an integer. The developed tools also reveal the de-
pendence of the micro Doppler comb on the length of the wire and
axis of rotation. A nonrelativistic model, based on Hallen's integral
equation [22] for calculating the current distribution on thin
conducting wires, was employed together with the ‘instantaneous
rest frame’ approximation, under appropriate coordinate
Fig. 1. Experimental setup of transmission in an anechoic chamber. A scatterer is mount
in the far field of the scatterer.
transformations between lab and scatterer's reference frames. The
theoretical model was fully supported by the experiment under-
taken at an anechoic chamber, where rotating shaped copper
wires were illuminated with 2 GHz waves and the micro-Doppler
comb was measured with highly accurate ‘lock in’ detection
scheme.
2. Results

2.1. Theory

Theoretical analysis of a spinning wire in free space will be
presented first and then verified experimentally. The geometry of
a spinning scatterer in free space and relevant measurement ap-
paratus appear in Fig. 1. For the theoretical analysis, consider a
short wire, rotating in the Z-Y plane at a constant angular fre-
quency θ ω̇ ≪ , where ω is the carrier frequency of the incident
illumination. This approximation allows neglecting relativistic ef-
fects. In the lab reference frame (denoted by prime) an incident
plane wave of the form = ^′′E E e yinc ikz

0 is propagating in free space, k
is the k-vector of the wave, and the carrier's harmonic time de-
pendence ωei t is suppressed. The rest frame of the wire (unprimed)
agrees with the lab coordinates at time =t 0. The primary goal of
the derivation is to calculate time-dependent forward scattering.
In the considered geometrical arrangement the projection of the
wire on the polarization direction changes harmonically in time
(from maximal to almost zero), resulting in time-dependent
scattering.

The coordinate transformation between the lab and the rotat-
ing frame is carried out by applying the following relation:
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In the wire's rest frame the incident field along the length of

the wire becomes θ( ) = ( ̇ ) θ( ̇ )E z t E Sin t e,z
inc ikzCos t

0 (the wire is parallel
to the z-axis in its frame of reference, hence only z-component of
the field is relevant for the interaction). The field in the scatterer's
rest frame may be decomposed into a sum of products of Bessel
functions, dependent on space-time harmonics:
ed on a motor's shaft and placed between transmitting and receiving horns, located
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Scattering problems from thin perfectly conducting wires could
be solved by applying Hallen's integral formulation. This approach
was chosen over other methods, as it allows approximating results
with analytical and semi-analytical expressions. In Hallen's for-
mulation scatterers are virtually replaced by line currents (un-
knowns) and the total electromagnetic field outside is given as a
superposition of the excitation and the convolution between the
current and the Green's function related kernel. Boundary condi-
tions of vanishing tangential components of the electrical field on
a perfect electric conductor (physical boundaries of the initial
wire) enable formulating the scattering problem in the form of an
integral relation. Hallen's integral equation for current distribution
along the wire ( ( )I z t, ) under the assumption of a lossless, per-
fectly electrically conducting wire is approximated by [22]:
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where C1,2 are to be determined from the boundary conditions of
vanishing current at the edges of the wire, located at z1,2, a is the
radius of the wire and η is the free space impedance. Noticing that
the integrand on the left hand side of Eq. (3) has a sharp maximum
around = ′z z enables approximating it with [22]:
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ika2 1 is a zero-order approximation that could be
further improved by using the King's Three-Term approximation
[22]. Solving Eq. (3) using approximation of Eq. (4) enables de-
termining the current along the wire. Assuming an axially rotating
wire = ±z h1,2 where h is half the wire's length:
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where the following auxiliary functions are defined as:
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while the superscript ‘s’ and ‘c’ denote even (‘c’) and odd (‘s’)
functions of time or space and ( )FR I

m
/ are the real and imaginary

components of the hypergeometric function [23], satisfying:
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The result for the current in Eq. (5) is equivalent to the closed
form derived in [22], but has the advantage of avoiding the nu-
meric singularity (when both nominator and denominator tend to
0) at θ π̇ =t n as well as clearly revealing the frequency components
of the current. Eqs. (5) and (6) show that the current consists of
both even and odd time harmonic components of θ ṫhat produce
additional scattered field frequencies in the far field. However, it
will be shown that for an axially rotating short wire only the even
harmonics remain in the far field. Next, the scattered field in the
rest frame of the wire is derived and transformed back into the lab
frame of reference using Eq. (1), evaluating it in the lab frame at a
point ′= −z d, ′=y 0, ′=x 0 (where the detector is located) and taking
the ′̂y component alone, as it is the case of the experimental
layout:
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where ( )( ) θ= − ̇ +R z d t d zdCos t z, , 22 2 is the distance connecting a

point on the wire and the detector's location at time t , ⃡ ( )rG ;zFF is

the far field 3D Green's dyadic (3�3 matrix) in the rest frame, ẑ is
a unit vector in the z direction, μ is the free space permeability and
the dot represents a scalar product. Eq. (8) may be solved nu-
merically, or evaluated analytically by adopting several approx-
imations. Here, leading terms in

d
1 are considered along with the

short wire approximation ( ≪ πkh
2
) for calculating induced cur-

rents, which enables identifying well-defined spatial parities in
θ ṡeries by making Tailor expansions of Eq. (5). Here even spatial
contributions could be approximated as constants, while the odd
ones may be replaced with functions that are linear in their ar-
gument. The resulting short wire current then takes the form:
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It can be readily checked that for small values of kh Eqs. (9) and
(5) coincide. By using the above mentioned approximations, the
scattered field is finally evaluated in the lab reference frame by
solving:
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The analytical expression in Eq. (11) predicts the existence of
even harmonics in the scattered field at an on-axis point away
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from the short wire, provided that the wire is rotating around its
center (axial rotation). The odd harmonics vanish due to parity
considerations involving odd and even functions in the current
along with symmetric integration boundaries of the integral.
These harmonics disappear even if the full current (long wire)
described in Eq. (5) is used. In fact, the odd harmonics will vanish
even if the only approximation made is ( )( ) θ≈ − ̇R z d t d zCos t, ,
(quadratic terms in wire's internal geometry are neglected), but
the detailed proof of this statement is omitted in this paper in
order to not obscure the main results. It should be noted that if no
approximations of the Green's function are made, the integrand in
Eq. (8) has no parity and thus negligible odd peaks are expected in
the far field. Taking the leading term (n¼0) in Eq. (11) recovers the
dipole field pattern, showing the dominance of the θ ̇2 peak. Using
the dipole term, an analytical approximation for the polarizability
of small perfectly conducting wires can be written as α πε= ahzz

4
3 0

2.
The approximation made in Eq. (4) leads to an almost symmetric
current distribution around the center of the axially rotating wire.
This approximation is good for short wires, but becomes less ac-
curate for longer ones. It is thus preferable to solve Eq. (3) nu-
merically for more accurate results of the current. Numeric solu-
tions also allow considering wires rotating about a different axis
than their center. This can be done by changing the integration
boundaries z1,2 with non-symmetric boundaries, giving rise to odd
peaks in the far field. A final important conclusion from Eq. (11) is
that it shows the dependence of the ratio of peak amplitudes on
the wire geometry (e.g. its length). This insight shows that micro-
Doppler peaks could be used to extract information about the
internal geometry of rotating scatterers. The theoretical frame-
work developed above could be extended to include arbitrary
rotation axis and observation points in a straightforward fashion.
The same approach could be employed for considering wires of an
arbitrary shape, which is not necessarily a straight line.
Fig. 2. Normalized forward scattering spectrum (micro-Doppler comb, baseband spectru
(3) and (8)). Red stars indicate results obtained for 0mm offset of the rotation axis from th
for the same wire length, but rotating around an axis at a distance of 0.6mm from its c
centered 5 cm length wire, rotating at an angular frequency θ π=̇ × Hz2 28 . Odd peaks
interpretation of the references to color in this figure legend, the reader is referred to t
2.2. Experimental results

Micro-Doppler shifts in the scattered spectra of thin wires will
be investigated experimentally and compared with the developed
theory. The photograph of the experimental setup appears in
Fig. 1. Spinning wire scatterers were mounted on a motor's shaft,
stabilized with a 3D-printed plastic rack. The motor is controlled
by a DC current, enabling rotational speeds of up to hundreds of
hertz. In particular, a 5 cm long wire (photograph of the sample
appears at the insert to Fig. 1) was rotated in the Z-Y plane at a
constant angular frequency θ π=̇ × Hz2 28 . The whole structure was
placed between two horn antennas, separated by a 2 m distance,
ensuring that both the transmitting and receiving horns are at the
far-field region of the scatterer. A Vector Network Analyzer (VNA)
was used as a source of a 2 GHz continuous wave, feeding the
transmitting antenna with the polarization set in the Y-direction. A
receiving antenna was placed opposite the transmitter with the
same polarization. The output of the receiver was amplified and
down-converted to the baseband by mixing it with the same
2 GHz carrier, as in the incident field. The output of the mixer was
passed through a low pass filter to remove residual high fre-
quencies and directed to a lock-in amplifier where the low-fre-
quency spectral shifts of the scattered field were recorded. The
results are shown in Fig. 2, showing normalized lock-in readouts
as a function of baseband frequency. The amplitude of the second
peak was used to scale the theoretic values. This peak corresponds
to ω θ± ̇2 in the original signal and appears as θ ̇2 in the lock-in
detection, since only the positive part of the spectrum is
presented.

Fig. 2(a) shows theoretical predictions, obtained with Eqs.
(3) and (8), while the experimental data appears on Fig. 2(b).
Three even and three odd peaks above the noise level were ob-
served in the experiment. The theoretic values were extracted
from the simulation of the axially rotating wire (offset is 0mm
between the center of the wire and the rotation axis), showing
m) of a 5 cm long wire (a) Theoretical predictions evaluated numerically (with Eqs.
e center of the wire, showing only even peaks. Blue circles indicate results obtained
enter, showing emergence of odd peaks. (b) Experimental results, obtained for the
emerge due to inherent mechanical instabilities in the practical realization. (For
he web version of this article.)



Fig. 3. (a), (c) Normalized amplitude of the odd peaks ((a) – first, (c) – third) as a function of the offset of the rotation axis from the center of the wire. Normalization is
performed with respect to both the amplitude of the second peak for each offset value and the amplitude value at 22 mm offset is set as unity. Black line represents
theoretical predictions evaluated numerically (Eqs. (3) and (8)), while the red dots are experimental data. (b) Normalized amplitude of the second peak as a function of wire's
half-length. Peak at h¼25 mm is chosen for the normalization and brought to unity. Black line represents theoretical predictions evaluated numerically (Eqs. (3) and (8)),
while the red dots are experimental data. Offset was taken to be zero in this case. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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only even peaks in agreement with Eq. (11). While odd peaks are
not predicted in the case of perfectly-centered rotation, they are
observed in the experimental data. There are several reasons for
their appearance. First, the receiving horn has finite-size aperture,
collecting off-axis scattering that could be shown to include con-
tributions of odd harmonics. Second, and more importantly, odd
peaks appear in the case of very small offsets of the rotation axis
from the center of the wire. The offset could occur due to me-
chanical precision at the connection point between the wire and
the shaft, as well as the precession of the later. A phenomen-
ological ‘offset’ parameter (displacement of the rotation axis from
the geometrical center of the wire) was introduced for fitting odd
peaks in the experimental data (Fig. 2(b)). A value as small as
0.6mm (about 1% of the wire length) was found to be sufficient for
fitting the odd peaks in the comb (Fig. 2(a)). For the numerical
simulation the integration boundaries in Eqs. (3) and (8) were
offset by 0.6mm away from the center of the wire, giving rise to
the odd peaks. It is apparent that the theory (up to inherent lim-
itations) agrees well with the location (equidistant discrete comb
was generated) and amplitudes of the rotational Doppler peaks in
the scattered field spectra. The agreement in amplitudes is good
for the first 4 peaks and then reduces owing to fluctuations in the
rotation frequency, which occurred due to the long measurement
time (up to a few minutes for each data point was needed in order
to obtain higher signal to noise ratios) and motor shaft precession.

In order to underline the impact of the ‘offset’ parameter on the
micro-Doppler comb, a set of additional experiments was per-
formed. In particular, the center of the wire was displaced from the
motor holder on purpose. Fig. 3(a) and (b) show both experimental
and theoretical results for emergent odd harmonics (first and third
correspondingly). Amplitudes of the harmonics were normalized
to the amplitude of the second peak for each offset value and
presented as a function of the later. Additional normalization was
done in respect to the amplitude value at 22mm offset, which was
chosen to serve as a reference (value of unity on both graphs).
Experimental results and the theoretical predictions agree well
with each other, showing the sensitivity of the odd peaks ampli-
tude to offsetting the axis of rotation from the center of the wire.
While the theory predicts vanishing amplitude of the third peak
when the offset approaches zero, experimental data shows a finite
value. This behavior is attributed to the overall precision of the
length measurements, finite size of the bracing, and precession of
the shaft - all of which contribute to the emergence of the odd
peaks as well. Relying on the above considerations, the phenom-
enological offset parameter was introduced in order to fit the ex-
perimental data in Fig. 2(b). It is noted that this small offset
(0.6mm) is very reasonable to have occurred in the experiment.

In order to validate theory and experiment furthermore, wires of
various lengths were rotated and the amplitude of the second peak
was plotted as a function of wire length. The values were normalized
to the 2nd peak's amplitude of a 5 cm wire (h¼25 mm). The theo-
retical predictions are well supported with experimental results, as
can be seen on Fig. 3(b). It is worth noting, that the second peak,
having the major contribution to the micro-Doppler comb in the case
of the short wires, could be measured with a better signal-to-nose
ratio in comparison with other peaks in the comb. This explains the
smaller error bars than those, appearing on panels (a) and (c). It is
worth underlining the excessive noise factor in the peak amplitudes
for wires of 25 and 55 mm length (error bars on Fig. 3(b)). This effect
is attributed to an internal mechanical resonance of the motor and
the holder rack – for certain values of moment of inertia (related to
the wire's length) the system is forced to a resonance, affecting the
precision of the measurements.

3. Outlook and conclusion

In conclusion, it was shown both theoretically and experi-
mentally that electromagnetic waves, scattered from rotating
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wires, have additional frequency components of ω θ± ̇m , forming a
micro-Doppler frequency comb (m is an integer). A theoretical
model for this phenomenon was derived, predicting the appear-
ance of those frequency components and closely predicting their
relative magnitudes. In particular, it was shown that in the case of
axially rotating wires only even harmonics at the micro-Doppler
comb appear. While the emergence of odd harmonics is indeed
not expected in ideal systems, practical realizations do exhibit
their emergence. The theoretical model shows that odd peaks are
very sensitive to small offsets of the axis of rotation away from the
center of the wire, enabling the introduction of a phenomen-
ological asymmetry coefficient, which provides a reliable fit to
experimental reality. The model also successfully predicts the
dependence of the micro Doppler shifts of rotating wires on their
geometry (length) and axis of rotation. These results expand pre-
viously proposed theories, where only two Doppler shifts of
ω θ± ̇2 were expected in the spectra of dipole-like scatterers and
suggest that it might be possible to use such spectral signatures for
resolution of the internal structure of observed scatterers and their
axis of rotation. Furthermore, RF components could serve as
emulation tools for observation of complex phenomena [24–27].
Externally induced mechanical motion on vibrating dipoles could
replicate Raman scattering scenarios [10]. The above considered
concepts could be further extended by introducing various meta-
material-based components [28,29].
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