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Abstract: Nanoparticles of high refractive index materials can possess
strong magnetic polarizabilities and give rise to artificial magnetism in
the optical spectral range. While the response of individual dielectric
or metal spherical particles can be described analytically via multipole
decomposition in the Mie series, the influence of substrates, in many cases
present in experimental observations, requires different approaches. Here,
the comprehensive numerical studies of the influence of a substrate on the
spectral response of high-index dielectric nanoparticles were performed. In
particular, glass, perfect electric conductor, gold, and hyperbolic metamate-
rial substrates were investigated. Optical properties of nanoparticles were
characterized via scattering cross-section spectra, electric field profiles, and
induced electric and magnetic moments. The presence of substrates was
shown to have significant impact on particle’s magnetic resonances and
resonant scattering cross-sections. Variation of substrate material provides
an additional degree of freedom in tailoring optical properties of magnetic
multipoles, important in many applications.
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1. Introduction

Materials can respond to applied electromagnetic field via both electric and magnetic suscepti-
bilities. While dielectrics demonstrate relatively high values of permittivities even at high fre-
quencies (ultraviolet spectral range or lower), inherent natural permeabilities rapidly approach
unity, having certain high-frequency cut-off around MHz frequencies [1]. This natural property
results from relatively fast electronic polarizabilities and electronic band structure that has res-
onances at optical frequencies and slow spin and orbital interactions which define the magnetic
susceptibility. Nevertheless, optical magnetism can be artificially created via carefully engi-
neered subwavelength structures. For example, arrays of ordered split-ring resonators, made of
conducting metals, can create artificial magnetic responses at high frequencies (THz range) and
even produce negative effective permeabilities [2]. Similar concepts can be also employed in
optics. With proper choice of shape of metallic nanostructures and their arrangements, called
metamaterials, artificial magnetism has been demonstrated in the infra-red and visible spectral
range [3–6].

One of the fundamental bottlenecks, limiting the performance of plasmonic components
and metamaterials is inherent material loss, that must be considered when modeling vari-
ous nanophotonic components, such as nanolenses [7, 8], antennas [9], particle-based waveg-
uides [10], ordered particle arrays [11], and biosensors [12]. At the same time, high refractive
index dielectric nanoparticles have shown to be promising in the context of artificial mag-
netism and the majority of aforementioned components can be implemented with all-dielectric
elements, as was already demonstrated in case of ordered particle arrays [13] and antenna ap-
plications [14].

Resonant phenomena in positive permittivity particles, in contrary to subwavelength plas-
monic structures, rely on the retardation effects. Nevertheless, high index spherical particles of
nanometric dimensions can exhibit multiple resonances in the visible spectral range. In particu-
lar, strong resonant light scattering associated with the excitation of magnetic and electric dipo-
lar modes in silicon nanoparticles has recently been demonstrated experimentally using dark-
field optical microscopy [15,16], and directional light scattering by spherical silicon nanoparti-
cles in the visible spectral range has been reported [17]. While the majority of theoretical stud-
ies consider isolated spherical particles or their clusters in free space, very often experimental
geometries involve the presence of substrates [15–17]. Therefore, investigations of substrate
effects on magnetic dipole resonances in dielectric nanoparticles are of great importance for
understanding both fundamental phenomena and predictions of experimental measurements.

In this paper, we performed numerical studies of optical properties of high-index dielectric
nanoparticles on various types of substrates. In particular, glass, gold and hyperbolic metama-
terial substrates were considered. Optical properties of nanoparticles were characterized via
scattering cross-section spectra, electric field profiles, and induced electric and magnetic mo-
ments.

2. Theoretical and numerical frameworks

Optical response of individual spherical particles embedded in homogeneous host materials
can be described analytically via the Mie series decomposition [18]. Generally, any shape with
boundaries belonging to “coordinate surfaces” sets at coordinate systems where the Helmholtz
equation is separable, has analytic solution for scattering problems. However, the separation of
variables method breaks down once substrates are introduced. As the first order approximation,
the image theory can be employed [19–21], while more complex treatments can account for
retardation effects and higher multi-pole interactions [22–24]. Considerations of anisotropic
substrates lead to major complexity even in the image theory (point charge images should be
replaced by certain distributions) [25] and make fully analytical approaches to be of limited
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applicability. Moreover, in the case of high-index dielectric particles, the resonances are over-
lapping in frequency, making the image theory to be inapplicable. At the same time, this spectral
overlap can be employed for super-directive antenna applications [16, 26].

One of the commonly used techniques for numerical analysis of scattering processes is
the so-called ”total-field scattered-field” (TFSF) of Finite-Difference Time-Domain (FDTD)
method [27]. The key advantage of this method is the separation of relatively weak scattered
field (SF) from predominating high amplitude total field (TF) which contains both incident and
scattered fields, in a distinct simulation domain. The TFSF method also allows to subtract the
electric field, reflected backwards by the substrate in the SF domain, enabling the calculation
of a scattering cross-section.

The geometrical arrangement of the considered scenario is represented in Fig. 1: a small
dielectric spherical particle (r = 70 nm, ε = 20) is placed on the substrate. The centre of the
particle coincides with the coordinate origin. The system is illuminated with a short pulse (in
time) with broadband spectrum covering the spectral range from 400 to 750 nm. FDTD method
allows analyzing spectral responses via single simulation by adopting the Fourier decomposi-
tion method with subsequent normalization. The key parameters characterizing the system are
the electric and magnetic dipole moments defined as

p = ε0

∫∫∫
Vsphere

(ε(r,ω)−1)E(r,ω) dV, m =
iω · ε0

2

∫∫∫
Vsphere

(ε(r,ω)−1)E(r,ω)× r dV, (1)

where ε0 is the vacuum permittivity, Vsphere' 1.44e−3 µm3 is the volume of the particle, ε(r,ω)
is the frequency-dependent particle permittivity, ω is the angular frequency of the incident
light, and E(r,ω) is the electric field in frequency domain. Generally, assymetric systems, like
the one considered here, support a number of non-degenerate dipolar resonances, that can be
probed with different polarizations and excitation directions of incident illumination. In the
following, a normally incident y-polarized plane wave was considered. To avoid the interplay
between geometrical parameters and chromatic dispersion of the particle’s material, the latter
was neglected.

y

x
z

k
_

E
_

substrate

particle

TF

SF

Fig. 1. Dielectric nanoparticle on a substrate illuminated with a plane wave. The regions inside
and outside the box depict total (incident and scattered) electric field (TF) and scattered electric
field (SF), respectively.

3. Results and discussion

3.1. Optical properties of a dielectric nanoparticle in free space

To verify the accuracy of the approach, optical properties of the particle in free space were
evaluated numerically and compared to analytic description. Scattering cross-section spectra
Fig. 2(a) shows 3 distinctive resonances corresponding to magnetic quadrupole (MQ), electric
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dipole (ED), and magnetic dipole (MD) at 444 nm, 472 nm, and 644 nm, respectively. The
corresponding electric field amplitude distributions are depicted in Figs. 2(c)-2(e). They show
the increase of near field amplitude with respect to the input source field and provide visual
hints for identification of the type of a resonance. The circular-like electric field distribution
is observed for a MD resonance Fig. 2(e), the drop-shaped distribution for an ED resonance
Fig. 2(d), and the double resonant sectors for a MQ resonance Fig. 2(c).

Obtained electric field distribution in the entire space allows to calculate the moments de-
fined in Eq. (1). These results are summarized in Fig. 2(b). Since the particle is illuminated
along the x-axis with the y-polarized plane wave, the electric moment component py and mag-
netic moment component mz are expected to be dominating. Having calculated all other com-
ponents for both electric and magnetic moments, we found py and mz to be more than 1017

times larger (signal over numerical noise) than other components, confirming symmetry argu-
ments. It is instructive to compare the obtained values to the induced electric dipolar moment
of a gold sphere of the same radius [28] which is pgold = 2.58e−4 [e·nm] at 472 nm; hence, a
high-index dielectric particle has ≈ 4 times larger electric dipolar moment and no associated
material losses. Numerically calculated dipolar moments were compared with analytical Mie
theory approach reported in [13] and differ by no more than 5%, verifying the accuracy of the
employed numerical method.
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mz, [A · nm2] 1.5e−3 1.8e−3 2.1e−2

c) d) e)

Fig. 2. Optical properties of a dielectric (εparticle = 20) nanoparticle of 70 nm radius in free
space: (a) scattering cross-section spectra, (b) summary of resonant wavelengths, scattering
cross-section normalised to geometric cross-section, and electric py and magnetic mz moments,
(c-e) spatial distribution of the electric field amplitudes at the resonant wavelengths (normalised
to the incident field).
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3.2. Dielectric substrate

In many cases, dielectric particles are placed on glass substrates as the result of their fabrication
and for optical characterisation [17]. This type of substrates is expected to introduce the smallest
distortions in the optical properties of a particle, compared to other types of substrates, e.g.,
metallic ones. We considered a glass substrate with ε = 3.1 corresponding to the family of
flint glasses. Comparing to the nanoparticles in free space, the glass substrate influence is in
significant suppression of the high-order multipoles Fig. 3, with both electric and, especially,
magnetic dipolar resonances being less affected. These conclusions are confirmed by the field
amplitude distributions at the resonant wavelengths. Minor electric field amplitude increase for
the ED and MD resonances and nearly two times reduction for the MQ resonance can be seen
compared to the particle in free space. The electric moment of the particle is slightly increased
while the magnetic one is slightly reduced.

a) b)
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Scattering cross section spectra

MQ, λ = 446 nm

ED, λ = 475 nm

MD, λ = 645 nm

Particle on a dielectric substrate

λ , nm 446 475 645

σ / S 1.5 2.3 3.0

py, [e · nm] 2.4e−4 1.1e−3 9.8e−4

mz, [A · nm2] 1.3e−3 1.2e−3 1.5e−2

c) d) e)

Fig. 3. Optical properties of a dielectric nanoparticle (εparticle = 20) of 70 nm radius on a di-
electric substrate (εdielectric = 3.1): (a) scattering cross-section spectra, (b) summary of resonant
wavelengths, scattering cross-section normalised to geometric cross-section, and electric py and
magnetic mz moments, (c-e) spatial distribution of the electric field amplitudes at the resonant
wavelengths (normalised to the incident field).

3.3. PEC substrate

In order to test the applicability of the image theory for high-index dielectric particles, a per-
fect electric conductor (PEC) substrate was considered. This dispersionless metal with infinitely
large imaginary part of the permittivity acts like a perfect mirror for both electromagnetic waves
and point charges. The results for a PEC substrate are summarized in Fig. 4. Compared to the
free space, a PEC substrate leads to the spectral shift of the nanoparticle resonances and signifi-
cant modifications of the spectrum and magnitude of the scattering cross-sections. For example,
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the electric dipole, induced in the direction parallel to the surface, should create the contra-
oriented image dipole and, as the result, the resulting dark quadrupolar resonance of the system
should suppress the scattering (as in the case of subwavelength plasmonic particles). Never-
theless, the electric dipole resonance became the strongest in the presence of PEC. This effect
is related to the retardation, since the optical path between the dielectric sphere and its image
become comparable to wavelength due to the high-index dielectric. Near-field amplitudes are
almost three-fold increased compared to free space as the result of perfect reflection of the inci-
dent wave by the substrate. Both electric and magnetic moments in this case experience strong
resonant amplification by almost two orders of magnitude.
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mz, [A · nm2] 1.8 1.7 0.7

c) d) e)

Fig. 4. Optical properties of a dielectric nanoparticle (εparticle = 20) of 70 nm radius on a PEC
substrate (εPEC = 1+1e6i): (a) scattering cross-section spectra, (b) summary of resonant wave-
lengths, scattering cross-section normalised to geometric cross-section, and electric py and mag-
netic mz moments, (c-e) spatial distribution of the electric field amplitudes at the resonant wave-
lengths (normalised to the incident field).

3.4. Gold substrate

The illumination of a scatterer placed on a gold film gives rise to excitation of surface plasmon
polaritons [28]. The excitation of these propagating surface waves substantially changes the
optical properties of dielectric spheres Fig. 5. The electric dipole resonance is split in two, as
the result of strong coupling between the SPP mode and the ED resonance of the particle [30].
Moreover, the electric dipole mode excites the SPP with much higher efficiency than the other
particle resonances. The electric field amplitudes experience minor amplification compared to
the free space scenario, except for the MQ resonance. The electric moment experiences nearly
ten fold enhancement due to the presence of the substrate, whilst the magnetic moments retain
the values close to those in free space.
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Fig. 5. Optical properties of a dielectric nanoparticle (εparticle = 20) of 70 nm radius on a gold
substrate (inset in (a) shows εgold taken from [29]): (a) scattering cross-section spectra, (b) sum-
mary of resonant wavelengths, scattering cross-section normalised to geometric cross-section,
and electric py and magnetic mz moments, (c-e) spatial distribution of the electric field ampli-
tudes at the resonant wavelengths (normalised to the incident field).

3.5. Metal-dielectric layered substrate and effective medium homogeneous metamaterial

Hyperbolic metamaterials are artificially created media with strongly anisotropic effective per-
mittivity tensors. They attract considerable attention due to their potential to substantially in-
crease the local density of states and, as the result, increase radiative rate of emitters situated in
their vicinity [31, 32]. Here, we consider the impact of a hyperbolic material substrates on the
optical properties of high-index dielectric particles. One of the yet open questions is the applica-
bility of effective medium theory to various physical scenarios considering an emitter (or scat-
terer) placed in the near-field proximity to a metamaterial [33, 34]. Hereafter, we compare the
layered realization of hyperbolic metamaterial [35] with its homogeneous counterpart described
with the effective medium theory [36] neglecting the effects of spatial dispersion [37, 38].

The considered nanostructured substrate consists of dielectric layers with εd = 3.1 and silver
metal layers with εm (the Drude model for silver was taken from [29]). The layers have the
same subwavelength thickness (30 nm) and can be described using a diagonalised effective
permittivity tensor with components

εxx =
εd · εm

(1−ρ) · εd +ρ · εm
, εyy = εzz = ρ · εd +(1−ρ) · εm, (2)

where ρ = 0.5 is the filling factor in the case of equal metal and dielectric layer thicknesses.
These effective permittivity components are shown in inset of Fig. 6(b).

The scattering cross-sections for the particle placed on the substrates made of the multilay-
ered composite and the effective medium look very much alike. At the same time, the field dis-
tributions corresponding to the excited resonances are substantially different depending on the
choice of the substrate. Clearly distinguishable radiation cones (shaped as horizontal “V” with
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e) f)

g) h)

i) j)

Fig. 6. Optical properties of a dielectric nanoparticle (εparticle = 20) of 70 nm radius on (a,c,e,g,i)
a metal-dielectric multilayered substrate (εdielectric = 3.1, see the inset in (a) for εsilver) and
(b,d,f,h,j) on an effective homogeneous medium with the effective permittivity as in inset in (b):
(a,b) scattering cross-section spectra, (c,d) summary of resonant wavelengths, scattering cross-
section normalised to geometric cross-section, and electric py and magnetic mz moments, (e-j)
spatial distribution of the electric field amplitudes at the resonant wavelengths (normalised to
the incident field).
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varying opening angles) are visible in the effective medium substrate, but they are suppressed
in metal-dielectric slab (cf. Fig. 4 in Ref. [33]). This is the result of the near-field interaction
of the nanoparticle with the first metal layer, leading to the breakdown of the effective medium
approach. Measuring the values of radiation opening angles at the resonant wavelengths in the
far-field after passing through the substrate gives the opportunity to determine the type of a
nanoparticle resonance. The magnetic moment of the particle at the magnetic dipole resonance
is reduced on the metamaterial substrate in both descriptions, and other moments are slightly
increased. The presence of hyperbolic metamaterial reduces the reflection of the incident wave.
The scattering particle has an access to the high-density of states in the substrate, reducing
the backscattering efficiency. This complex interplay results in the aforementioned changes of
the values of moments. Interestingly, while the field profiles inside the metamaterial substrate
are remarkably different in the layered and homogeneous realizations, the overall system’s re-
sponses in the far field above the substrate are similar.

4. Outlook and conclusion

We performed comprehensive numerical studies of the substrate influence on the optical prop-
erties of high-index dielectric nanoparticles. Different types of substrates such as flint glass,
perfect electric conductor, gold, and hyperbolic metamaterial were investigated. Retardation
effects were shown to play significant role in the particle-substrate interactions making the
“classical” tools such as image theory to be of limited applicability even in the case of a PEC
substrate. Moreover, substrates supporting nontrivial electromagnetic excitations such as sur-
face plasmon polaritons in case of plasmonic metals and high-density of states extraordinary
waves in the case of hyperbolic metamaterials, give rise to complex resonant responses and
open a possibility for on-demand tailoring of optical properties. The presence of substrates was
shown to introduce significant impact on the particle’s magnetic resonances and resonant scat-
tering cross-sections. As for overall comparison of different substrates, we can observe that
dispersionless dielectric substrates are the best for preserving natural properties of individual
particles, PEC and metal-dielectric substrates give a relatively strong MQ resonance and the
highest enhancement of the ED resonance, whilst gold substrates are beneficial for the MD res-
onance enhancement. Variation of substrate material provides an additional degree of freedom
in tailoring properties of emission of magnetic multipoles and designing Fano-like resonances
combining magnetic and electric excitations.
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